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THE FREE OSCILLATIONS OF A VISCOUS TWO-LAYER FLUID IN A CLOSED VESSEL*
S.YA. SEKERZH-ZEN'KOVICH

The spatial, infinitely small oscillations of a viscous two-layer heavy
fluid in a vessel of arbitrary shape are investigated. The Reynolds num=-
ber is assumed to be large (low viscosity) which enables one to use the
ideas of boundary-layer theory and the Krylov-Bogolyubov  averaging
method. Boundary-layer theory is used as in /1/ and /2/ in which linear
problems on the oscillations of a compressible medium with a low
viscosity were solved. Approximation formulae are derived for the
velocity components of the fluid and, also, for the damping coefficient
and the correction to the frequency of the free oscillations of an ideal
fluid. Like the analogous quantities in /1/, these quantities are
expressed in terms of the eigenvalues and eigenfunctions of the
corresponding problem on the oscillations of an ideal fluid. It is
found that the damping coefficient and the correction to the frequency,
even in the first approximation with respect to the small parameter,
also depend, as in the two-dimensional case, on the loss of energy in
the boundary layers close to the boundary of separation of the two-layer
fluid. In the case of a homogeneous fluid in an open vessel, the energy
losses close to the free surface of the fluid are asymptotically small
(see /1/) compared with the losses close to the walls of the vessel.
Expressions for the damping coefficient and the correction to the
frequency of the vibrations for vessels with the form of a rectangular
parallelepiped and a circular cylinder are given as examples.

The free vibrations of a homogeneous viscous heavy fluid in a vessel of arbitrary shape
were investigated in /1/. The two dimensional oscillations of a viscous two-layer fluid were
considered in /3-5/.

1. Initial equations. Let us consider the problem of the free, infinitely small, oscil-
lations of a two-layer, heavy, viscous, compressible fluid which completely fills a closed
vessel. We assign the index 1 to all quantities referring to the upper layer of the lighter
fluid and the index 2 to all quantities referring to the lower layer. In the domains D,
occupied by the fluid, the velocities U,, (m =1, 2) of the fluid particles and the pressure,
P, , must satisfy the Navier-Stokes and continuity equations, The velocities U, must be
equal to zero on the walls of the vessel, S,. The velocities U, and U,, as well as the
normal and tangential stresses, must remain continuous on cressing the boundary of separation
of the fluid layers, E. By virtue of the assumption regarding the infinite smallness of the
motions, we assume that the domains D, and the surface I are always the same as in the equilib -
rium state of the fluid. We also assume that the partial derivative of the elevation of the
boundary of separation H, with respect to time is equal to the vertical components of the
velocities of the upper and lower fluids.

U/t = —ppVPpy — gk + vAU, divU, =0 in D, (1.1)
Un=0 on 8n
ap ou aP, ouU
— Py ——LH+ 2vp, az” =—P,—Tz’—H+2vzp2 az“

oU 14 au, au
vior [T+ T ) =y (G 1 ), gy

Uy =Uy, Uz =0H (2, y, )/t on Z,m=1, 2

Here pm, is the density, v, are the kinematic viscosities of the fluids, and the rectangular
Cartesian coordinate system xyz is chosen such that the zy plane coincides with the & plane
while the z-axis and the unit vector k are ‘directed vertically upwards.

Let us now introduce dimensionless variables by adopting the characteristic size of the
vessel, d, as the unit of length and 7T, = 1/w, as the unit of time, where , is the smallest
characteristic vibrational frequency of the ideal fluid:
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z =dx*, y =dy*, z =dz*, t = t*0, p = PPy VI = VVy (1.2)

U, = doly, Ppn = —gpm2z + C0d’pmpPm, H = dy

The velocity vectors of the fluids, U,, are represented in the form &f the sum of potential
and vortex components
u, = _Vq)m 'Jf_ Vm (13)
and, here and below while omitting the asterisk, we assume that p,, = ¢,/ and the functions
¢, and Vv, satisfy the equations

Ag,, = 0; vy /0t = Ry Av,,, divv, =0 (1.4)

in Dp. (R = 0@®/vy, Upm = vy + Bom and 8, is the Kronecker delta).
The differential equations of the problem will then be satisfied in the domains D,. The
boundary conditions for ¢, and Vv, are written as:

Vo =vm on S, (1.5)
Vo, — Vo =v, — vy

a [} a2
e p T F o (@2 — PR1) = Uiz — PV

v dv a2 52 24
T (G G e S R (P )

R ot a. 06z% 22 g
1 aip, 820, ﬁulg 61;1 . ‘7"2g dv 2z
VE [ZPVaTa?_Za_gb?*pv T )ttt =0

We subsequently assume that R > 1.

2. General solution scheme. Tne system of Egs.(l1.4) is a singularly perturbed system
since it contains a small parameter 1/R accompanying the highest derivative. We seek the
asymptotic solution of problem (1.4)-(1.5) in the form of the sum of a regular part which
approximates the solution at the internal points of the domains D, and the boundary-layer
parts which only play a substantial role in the subdomains, D,s and D,z adjacent to the
surfaces S, and L.

Let us put

P =0p =D+ R0y + ... (2.1)
Vi =8V + Bv, =SV, + R S)v, + ..o+ vy, - B Zyvy,

Here @, 1is the regular part of the asymptotic expansion while Sv,, and 3Zv, are the
boundary ~layer terms which are only substantial in Dp,g and D,s respectively.

We now introduce the curvilinear orthogonal coordinates s;, s; and s into Dps such
that the surface s =0 coincides with the surfaces S, and s>0 in D,. Into Dpz, we

introduce the rectangular Cartesian coordinates z, ¥y, and 2z, such that the r-axis coincides
with the axis of the initial coordinate system, y, <= 2 and the 1z, -axes are directed into
the domain D,,.

We treat the boundary-layer Sv, and 2Xv, terms as functions of s§,s, ando and z,Yn,

and {m respectively where o = R'ws, {, = R, are "extended" coordinates. We require that

the boundary-layer functions should satisfy the conditions
Svm =0  when 6 —>o00; LV -0 yhen Lm 00 (2.2)

Let us substitute the expansion (2.1) into the system of Egs.(1.4). We obtain separate
equations for the regular and boundary-layer terms and we assume that the functions @, as
well as the Lame parameters of the curvilinear coordinate systems which have been introduced
vary slowly in the boundary layers D,s and D,x as the coordinates s and Z, vary compared

with the function Sv, and ZXZv,. We shall therefore subsequently consider ‘®,, as functions

of the initial coordinates x, y, 2z and the Lame parameters H,;(l =1,2,3) as functions of
S14 8y and 8§, that is, we shall not introduce the arguments of the "extended" variables g
and {,, into themn.

We will now substitute expansions (2.1) into the boundary conditions (1.5) and obtain
relationships on S, and £ which link the regular and boundary-value terms of the expansions.
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3. The zeroth approximation. Let us construct the zeroth approximation, that is, the
functions which satisfy problem (1.4), (1.5) with an accuracy up to O (R™h).

By considering quantities of the order of RY: in the last equation of (1.4) and quantities
of the order of R® in the second equation which has been projected onto the direction of the
coordinate line s, we have

2 a S o2 s
'EU_SOUmS':OY G CoVma = Fo% Wms

By solving these equations allowing for the conditions (2.2) and, also, the analogous
equations for Zwm:,, we find that .
Sovma = Zol’mtm =0 (3.1.)

By considering quantities of the order of R® in the first equation of (1.4) and in those
of the boundary conditions (1.5) which contains Sowpms  and Zwpem, we arrive at the follow-
ing boundary-value problem:

AQ,, =0 in Dm (32)
D
a;"" =0 on 8,
oD, L] 9D, D 8%
G~ e =0 g — 05+ P (P —pPy) =0 “on X

Here and below, n is the normal to the bounding surface of a domain D, which is internal with
respect to this domain.
The functions

cDmD (Mv t) = Cfmo (M) cos P (t) (33)
(dCldt = 0, dyidt =B, & = lay)

are particular solutions of the problem.

Here, fn,(M) 1is an eigenfunction of the boundary-value problem which is obtained from
(3.2) after the operation of differentiation with respect to t has been replaced in the second
boundary condition on I by multiplication by —®? where the product —F®® is equal to one of
the eigenvalues of problem (3.2).

We note that problem (3.2) has a discrete spectrum of eigenvalues and, moreover, they are
of finite multiplicity. We denote by fno (M) one of the eigenfunctions which corresponds to
the selected eigenvalue.

The solutions (3.3) describe the natural oscillations of an ideal fluid which have a
constant amplitude ( and a phase ¥ (¢) which varies uniformly with time.

In treating the natural oscillations of a viscous fluid, we select the functions @,, (M, t)-
in the form of (3.3) and, following the idea behind the method of averaging, we assume that
the amplitude of the oscillations ¢ and the rate of change of the phase dy/d¢ vary slowly
with time depending on the magnitude of the amplitude ¢ itself and the phase difference 6 =
P — O, Let us put -

dC/dt = Rh4, (C, 8) + R4, (C, 8) + ... (3.4)

dy/dt = ® + R-:B, (C, 0) + RB, (C, 0) + . ..

where A, (C,0),B,(C,0),A4,(C,0),... are periodic functions of 0 with a period of 2n which,
like the expansion coefficients (2.1), are to be defined from problem (1.4), (1.5).

In calculating the partial derivatives with respect to time of the functions occurring
in the second and third equations of (1.4) and the second conditions of (1.5), we assume that
the functions are explicitly dependent on C and ¢ and that the derivatives with respect to
t are defined by formulae (3.4). For instance, the following expansions (we take account of
relationships (2.1) and (3.4)) hold in the case of the derivatives of the functions ®@,, with
respect to t:

D D

[ Y
0 —1fy | == mo m
at’" =B _a_"’ + R \:m 3 L. 3C A 4 0 31] .. (3.5)

[
82D, . 6“(1)"' YT l?ﬂfbm _ 0"‘le 02®m
__0t’—m_= w”——a—w—"——i-R ! [ma 511)11 ‘I‘zm(aca‘po Al -+ awzoBl)]‘i" e

D,
m
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Let us now find the functions Zw,,, Zovm,,m, Sowmi, where [ =1, 2.

The equations and boundary conditions for the functions Z,, which can be derived from the
second equation of (1.4) and the second and third conditions of (1.5) using formulae (3.3)
and (3.4) are:

O Py
—#—:wpm—.ﬁ_’ En =Ty Ym in  Dng

8Zgoyp 0Zqvpe
Y Sl — ()
Vg g

Sw, F 2w, = (ho— o) Ce0sp  on 3

(the upper sign is taken when § =§ =8 ==z and the lower sign when §, =y,, & =V, & = p).
We note that y, = —¥y, =Y and that the functions [no are assumed to be dependent on
the initial Cartesian coordinates X, Y, 2.
When account is taken of the requirement (2.2), the solutions of the latter equations

have the form

2ty = CumTF 0 VY dum) ~ oo - (o — ) bmo 5 005 (6 — DL, (3.6)
@ s
2= (%)

the minus sign being taken when §, =2, €=z and the plus sign when E&n =Ym & =1.
The functions Sgp;, where [ =1,2, which are found using the boundary conditions (1.5)

on S, are

Somi = Hi'0fmolds; ls,, Ce™ cos (p — Qo) (3.7)
Here, H,and H, (H; =1) are the Lamé parameters of the coordinate system s,, S $-

By considering terms of the order of R® in the third equation of (1.4) and allowing for
formulae (3.6) and conditions (2.2), we get

Zmg,, = (Bym — pdym) (/3v/®)Ee ™ Q (p — QL) (3.8)

SyPms = (Yhm/®)GmCe0Q (h — Qo)
Q (a) = cos @ + sin a, E = (8%0x* + 8%/0y*) (fro — f20) le=o

_ 1 8 { Hy %me 4 (Hl 0f 1o )]
Gm(slv 82) = Hng [381 (Hl as, + 52 "H;_asﬂ'

Sm

We note that the relationship
pZ i, + Iy, lytemo = 0 3.9)
follows from the first equality of (3.8).

4. Formulae for the damping coefficient and the correction to the frequency. 1In order to
derive formulae for the damping decrement and the correction to the frequency of the natural
vibrations of an ideal fluid, we construct a number of first approximation equations in which

problem (1.4), (1.5) is satisfied with an accuracy up to O (R™). It can be shown that, if
terms of the order of R-Y: are equated in the second equation of (1.5), then the functions
2 Wmg,,» Sima which are defined by formulae (3.8), will satisfy the resulting eguations.

The equations and boundary conditions for ®@,; have the form

AD,, =0 in D, (4.1)
0D pmy/0n = Sy on Sm (4.2)
6—3):1— - ig% = — Dy, — Bytay,
'%’L—Pﬁ%+ For 361:3 (@ — p@yy) = — 25F [(%—P%)Al’F
(i;%j“— —p i;%“—) BI} —pZyp, — Sy, on 2 (4.3)

By reasons of arguments which are presented below, the functions Z ., Zﬂv,,.ym and Sms
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are omitted on the right«hand sides of the equalities (4.2) and (4.3) respectively.

According to relationships {3.3) and (3.8), the right-hand sides of (4.2) and {4.3) depend
on ¥ according to the signs of siny and cesy. It may therefore be assumed that the sol-
utions @ of problem (4.1)-({4.3) satisfy the relationship &®u/0¢* = —Om;. When this is
taken into account and, also, the representation {3.3) and relationship (3.9}, we can write
the boundary condition on I as:

Oy, /0z — D)0z = —Z g, — Ly, (4.4
Wy, /02 — pd®y, /08 — FD* Dy — pBy) =
2BF (fyo — pfio) (Assinp + ByCcosy) on X

The parameter Fo? selected in paragraph 3, in equal to the characteristic number for
problem (4.1), (4.2) and (4.4). A solution of the inhomogeneous boundary-value problem there-
fore only exists wheh conditions are imposed on the right-hand sides of relationships (4.2)
and {4.4). These conditions enable us to find the magnitudes of 4, and B; which determine
the rate of the slow change in the amplitude ¢ and the phase % of the vibrations.

Let us derive these conditions making use of a procedure which is analogous to that used
in f1/.

Assuming that the solution of the above-mentioned boundary-value problem, that is, the
functions ®,, have been found, we write Green's formulae for the functions fms and @py:

§he s

L s — (— " S(fm ot @,y ZmJaz—0

By substituting expressions for the derivatives of the functions fme and ®p, determined
from (3.2), (3.3), (4.2) and (4.4), we get

(1 —p) S FroS1ms 88 + ﬁgz“’f? iy = T P D foom,0 +
rmfmo {21!2354 -+ Elvgr + F ﬁ)aﬁ)s,m 1}} dE =10

O, = (4, sinp + CB, cos ) (fyo — pfro)s 1y =1, rp = —p, Fy =
we B, Fy = —F

We note that, if the functions X, E,,vmgm had not been omitted from the right-hand

sides of formulae {4.2) and (4.3), integrals having an order of R-Y would have occurred on
the left-hand sides of the latter equalities which equally would have had to be discarded in
this approximation.

By multiplying the latter relationship, in which we have chosen m =1, by p and summing
it with the relationship in which m =2, we obtain, after some reduction using Egs.{3.1) and
(3.9}

2(4 ~ p) F5@"® (4, sin $ + CB, cos wg (8f20/02)2dS = {4.5)

p S frotyny dS + S FroBany dS
8y-+5

1+ s

A = So¥m + RSV + Zyvim -+ B-HZvm

The components of the vectors Sevy, Z,¥, ..., 23V are defined by the formulae {3.1), {3.6}~
{3.8) and, moreover, it is assumed that the components of the vectors Svm and 2,vy, which
are tangents to the surfaces S, and I respectively, are equal to zero. We denote by n; and
n, the unit normals to the boundaries of the domains ), and I which are internal with
respect to these domains.

We transform the right-hand side of (4.5), having made use of Gauss's theorem and taking
account of the fact that the vectors am can be considered as being solenoidal in Dy (in fact,
am are solenoidal with an accuracy up to O{BY) in Dms Dmz and |a, | decay rapidly as the
point of integration becomes more remote from the boundaries of D). Wé get

2(1 — p) F45 (A; sin + CB, cos ¥) i(&f,o/az)’ %= —p § Vo dv — § Vipaydv (4.6)
D, Dy
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The integrals over the subdomains Dgpg and D,y make the main contribution to the right-

hand side of (4.6). In these subdomains, the derivatives of the functions f,, with respect
to 8 and zn can be taken as being equal to zero with an accuracy up to O (R-5), while the
derivatives with respect to s, s, and z, Ym respectively interchange their values when

§$ =2, =0. Allowing for this we integrate, in the volume integrals of (4.6), with respect
to s and zm within the limits from 0 to oo as a result of which the integrals are reduced to
surface integrals and the equality (4.6) takes the form

2 (1 — p) F%@ s (A, siny + CB; cosp) = —CI (cos P + sin ) (4.7)
1 - pV v
I==1I (PV'V Il+12+———_1+p[/7 14)
Ii={ (hupdS, I={ (Vafods

I, = @020 42, 1, = (Vafso— Vofan)? d2
= 2

Whence
4, = —CF2-Iws (1 — p)y I, B; = A,/C
By substituting the values of A; and B; which have been found into Egs.(3.4) and

introducing dimensional variables once again using formulae (1.2), we arrive at the following
expressions for the dimensional damping coefficient and the correction to the frequency:

& = 4,0, R = —~(@ ot (g (1 — )]t ] 48

Ao = Bio,R":=a

The quantities containing J; and I, determine the mechanical energy losses on the bound-
ary of separation between the fluids, while the quantities containing /; and I, determine the
energy losses on the walls of the vessel. In the general case, all these guantities are of
the same order of smallness R-%:, In the specific case of a homogeneous fluid when p=20,
the energy losses on the free surface have a higher order of smallness which follows from (4.7)
and (4.8) and from formula (2.21) in /1/ to which (4.8) reduces when p =0,

5. Exzamples. Let us consider a vessel which has a vertical lateral surface, a planar
bottom and a planar upper cover and select the function fne(M) in the form (n, are the
depths of the fluid layers)

fmo = (—1) ™ skl uphy Yau (2, ¥) b o [y 4 (—1) ™2}

where jn(z, ¥) 1is one of the eigenfunctions of the problem
AgYn + %p2tn =0 in I, dp/on=0 on T (5.1)

and A, is the Laplacian operator with respect to the variables xr and y and I is the curve
along which the plane = (z=0) intersects the lateral surface of the vessel. The frequency
o, of the vibrations of an ideal fluid is expressed in terms of x, using the formula

@n = g%n (P2 — P1) (P2 cth %phs £+ py oth 2phy)~? (5.2)

By substituting the functions fp, into (4.7) and integrating with respect to z, we get
sh 2x ax, \?
T =shtnh,, {_T‘:i S [(—W) R Xnﬁ] av + (5.3)
r

- § {5 e Jor §[52 S + (G L) meve

) 2 a 2
Ig=mnp S xn’ a2, Iy=(cth x"h1+cthnnh2)’s [(—}f—) +( ;C; ) ] a3
)4 P

Here, 4/dl, are the derivatives with respect to the tangent to the curve I' in the &
plane. ’

In order to calculate the damping coefficient and the correction to the frequency, it is
necessary to find the characteristic numbers «, and the eigenfunctions g, of problem (5.1)
and, then, uisng formulae (5.3), to calculate In(m=1,2,3,4) and to substitute the I, into
(4.8) and, at the same time, to adopt e, defined by the equality (5.2) as o.

We will present the final expressions for I, (m=1,2, 3,4 for two cases.

A. The vessel has the form of a rectangular parallelepiped 0<s< e, 0y <<h, —h <z<<h. In
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this case

r2 s2 \ls nrx sy
%"=n(-a—,-+-7,—) s Ay = 008 ——COS T s=0,1,...,, r=1,2,...

1 ab {q i (2—650 1) 2 /2 1
I = % . ZC=0 % L@\ "8 T7o +T(T+T)]"

m

% Y|
2h, 38 (L + )+t m=1,2 g =m0 sh 2unh

Iy =27 %00,

2ab, Iy = (cthx hy - cthx hg)2ly

B. The vessel has the form of a circular cylinder 0 < R*<d, 09 <2n, ~ha <z In this
case gy =vy/d,s,r=1,2,... where w, are the successive positive zeros of the derivatives of
the Bessel functions (/) (ver) =0, 0 <vy <va<...)

Xop =270 (v, BOd), AP =T, (v, R*/d)cossp, %P =T (v, R*d)sinsp
wJ 2w, [ sh2x _h

In= e g oty + o — o (-] | m=t,2
m ™ "2sh k. , Ve T Oa—) {13 m=1,

Ig=n272 (v}, —s) J 3 (v,)), Iy=(cth %,.hy 4 cthx ko)1

REFERENCES

1. CHERNOUS'KO F.L., On the free vibrations of a viscous fluid in a vessel, Prikl. Mat. i
Mekhan., 30, 6, 1966.

2. BUTUZOV V.F., NEFEDOV N.N. and FEDOTOVA E.V., Asymptotic solution of the linearized problem
on the propagation of sound in a bounded medium with a low viscosity.Zh. vychisl. Mat.
mat. Fiz., 27, 2, 1987.

3. HARRISON W.J., The influence of viscosity on the oscillations of superimposed fluids, Proc.
London Math. Soc., 6, 1908.

4. THORPE S.A., On standing internal gravity waves of finite amplitude, J. Fluid Mech., 32, 3,
1968.

5. HOWES F.A., A model for viscous attenuation of waves on the common boundary of two super-
imposed fluids, Wave Motion, 9, 5, 1987.

Translated by E.L.S.



